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ABSTRACT

We present some results in topological dynamics and number theory. The
number-theoretical results are estimates of the rates of convergence of sequences

{(1 /n) :g.o Xro.py(i®): n > 0},

where na is irrational, @ is taken mod 1, and 0 < 3 < 1. One of these results is
used to construct a homorphism T of a compact metric space X such
that the minimal flow (X,7) had no nontrivial homomorphic images, i.c.
is a prime flow. We define an infinite family of such flows, and describe other
interesting properties of these flows.

Section 1

Certain familiar concepts in number theory have analogues in topological
dynamics. In this paper, we shall be concerned with the notion of a minimal
prime flow, i.e., a minimal flow with no factors except the trivial ones. Easy
examples of such flows are the minimal flows on a prime number of points. Here,
we shall construct an infinite prime flow. This example has a surprisingly easy
realization; it is essentially obtained by carefully introducing a delay into an
irrational rotation on the circle. Another realization in the bisequence space on
{0,1} is obtained by doubling the ones in a Sturmian sequence. Thus, by starting
with an equicontinuous flow with many obvious factors, we can construct a
minimal, strictly ergodic flow on a metric space which has no factors.

In Section 1, we introduce the class of flows which will be the subject of our
discussion, and indicate preliminary properties such as weak mixing and mini-
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mality. In Section 2, we prove a technical result which is used in Section 3. In
Section 2, we also prove some related results about irregularities of distribution
in an arbitrary minimal flow, and point out the implications of these results for
some problems in diophantine approximation. In Section 3, we prove that our
examples possess a property which we call POD, and in Section 4 we show several
properties of POD flows, including their primality. For example, a POD flow is
disjoint from every minimal flow except extensions of itself, and is disjoint from
every power of itself,

We first define the flows which will concern us. A detailed proof of our assertions
can be found in [6, Example 1]. By a flow (X, T) we mean a homomorphism T
of a compact Hausdorff space. We let K denote [0, 1) with addition modulo one.
Let € K be irrational and § 5 0. Define f: K — {0,1} by f(7) = x;0.s(¥) and for
neZ, define xo(n) = f(na). Then xgeS=TM",{0,1} and if ¢: S - S is the
shift on S (ox(n) = x(n + 1)), and if X = 0,(x,)~ (the orbit closure of x), then
the flow (X,0) is called a Sturmian flow of type («,f). Define T,:K — K by
T(y) =7+ a. We assume f¢Zux.

Prorosition 1.1 (cf. [6, Th. 4.1]). The flows (X,0) and (K, T,) are minimal.
There is a homomorphism p:.(X,0)— (K, T), p(c"xs) = na, such that p~(y)
is a singleton unless y e E = (Za) U (B + Za), in which case p~'(y) is two points.
Moreover, if p~1(0) = {x, %o} and p=(B) = {yo, Jo} With x4(0) = yo(0) = 1, then
%0(0) = 5o(0) = 0 and for n # 0, xq(n) = Zo(n) and yo(n) = Fo(n).

Next we define the flow induced from (X, ¢) which will turn out to be a prime
flow. Let B= {xe X ] x(0)=1}, and let A be a homeomorphic copy of B such that
XNA=g, with ¢:B—> A a homeomorphism. Let Y =X UA and define
Y:Y->Y by

o(y) if yeB
¥(y) = oo~ ()if yed
o(y) if yeX - B.

If we ignore most of the “‘doubled’’ points in X by assuming that B looks like
[0, 8] and X — B looks like [ B, 1], then a picture of Y might be as shown in Fig. 1,
where the action of ¢ on X is given by solid arrows and the action of ¥ by dashed
arrows. Note that y = ¢%x = Px.

ProposiTioN 1.2 (cf. [6, remark following Th. 4.1]). (Y,¥) is weakly mixing
and minimal.



28 H. FURSTENBERG ET AL. Israel J. Math.,

A

— -\\ i\\\ -

TN T

| S~ 1 S~

] ~ i >~
. TSy Ssal
X0 X B Yo Yo y o

Fig. 1

Proor. Minimality is clear because (X, o) is minimal.

For weak mixing, let g be a continuous eigenfunction of (¥, ¥) with eigenvalue
A, ie. g(¥(») =4 g(y) for ye Y. If h denotes the restriction of g to X = ¥, and
if we define u(x) =1+ x(0) for x € X, then h(a(y)) = A*® h(y). Now it follows
from Proposition 1.1 that x,, X, are positively and negatively proximal, i.e. there
are sequences {m} <Z*, {m}<Z  such that lim,¢™(x,) = lim,¢™(X,) and
lim, 6™(x,) = lim, 6™(X,). Notice that u(6"(x,)) = u(6"(x,)) for n#0, so for
n >0 we have

ho"(%0) _ h(e'(%0))  h(o(xo))
h(xo) h(e"™'(xo))  h(xo)
= h(o'"(xo)) h(o'(fo)) A"(fo)"ll(xo) - h(o."(SC-O)) lu(fo)—u(xo).
h("~ (X)) h(%o) h(xo)
By taking n=n,>0 and letting k— co, we obtain h(%,) = A"** "““Ih(x,)
= 27 h(x,). A similar calculation with the negative {m,} shows that h(x,) = h(Xo),
so we conclude A = 1. Since (¥,'F) is minimal, this implies g is constant. Thus,

every continuous eigenfunction of (Y,¥) is constant, so by [4], (Y,¥) is weakly
mixing.

Section 2

Our principal goal in this section is a specific result (Corollary 2.3) about the
distribution of translates of the sequence {na} = K. We will obtain this result as a
corollary of a more general one concerning an arbitrary minimal flow (K, T)
with K compact Hausdorf,

For the next theorem, we fix subsets 4 and B of K, and x, € K, where (K, T)
is a minimal flow. We are interested in the boundedness of the quantity

n— 1 . .
N(n) = 'Z x4(Tx0) — x8(T'x0).

i=0

We define g(7T"x,) = y(T"x,) — x5(T"x,) on the orbit of x4, and let F denote
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the set of rpoints in K to which g cannot be extended continuously. Define the
bisequence my(n) = g(T"x,) for integers n. Then m, is an element of the space of
bisequences on the symbols {0,1, — 1}, and we let M denote the g-orbit closure
of m, in this bisequence space, where ¢ is the shift, am(n) = m(n + 1).

THEOREM 2.1 With notation as above, we make the following assumptions:

1) (M, 0) is minimal.

2) The map n(o"my)=T"x, can be extended to a homomorphism
n: (M,0)—> (K, T).

3) There is x, € K whose orbit does not intersect F.

4) There is ze F with O(z) N F = {z}.
Then N(n) is unbounded for n > 0.

Proor. We will assume that N(n) = X!, mq(i) is bounded and will obtain
a contradiction. By Lemma 2.2 below, there is some fe C(M) with

™) m(0) = f(om) — f(m) for all me M.
Now let U = {x € K: f assumes more than one value on n~'(x)}. Since f may be

taken to be integer-valued, U is closed. Notice that F is just the set of points x in
K such that {m(0): m e n~'(x)} contains more than one point. Thus x; ¢ U since
n~Y(x,) is one point by Assumption 3. By Assumption 4, {m(0): men~*(z)} is
more than one point, and so it follows from (*) that z or Tz is in U. We first
consider the case TzeU. It follows from Assumption 4 that if n> 0, then
{m(n): me n~'(2)} is a single point, and this and (*) imply that T"z e U for n > 0.
Since {T"z: n > 0} is dense in K, this implies that K = U, a contradiction. An
analogous argument yields a contradiction in case z € U, so we have shown that
no such f exists, and the proof is completed.

Lemma 2.2 (cf. [2, 14.11)). If (M,0) is an arbitrary minimal flow and
g € C(M), then a necessary and sufficient condition for there to exist fe C(M)
with foo — f = g is that for some mgeM, the sums X", g(c’' my) are bounded

for n>0.

Proor. Necessity is clear since Xr.og(c'mo)=f(c""'mg) ~f(my). Con-
versely, suppose that X" g(a'm,) is bounded for n > 0and define homomorphisms
Rand T,(forse R)of M x Rby R(m,1) = (om,t + g(m))and T,(m,t) = (m,t + s).
Since R"(my,0) = (6"mq, Lr=og(c'me)) for n > 0, it follows that the set of limit
points of {R”(mO,O)I n > 0} is compact, and so it contains a minimal set N. If
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p: M x R— M is the projection, then p(N)= M since M is minimal. Now we
claim that for me M, there is a unique f(m)e R with (m,f(m))eN. For if
(m,f(m)), (m,f(m)+ 6)e N, then by minimality we must have T;N = N, so
T,sN = N for neZ and since N is compact, 6 = 0. Clearly the function f thus
defined is continuous and satisfies f(oem) — f(m) = g(m) for me M.

CoRrOLLARY 2.3. Let K denote[0,1) considered as the compact group of reals
mod 1, and pick an irrational «ac K and 0+# e K. Fix y,9’e K and set

A=[7y+p),B=[y,y" +p). Then
N = T 04() = 73(i)

is bounded for n> 0 iff feZo or y —y' €Zu.

Proor. Notice that for a, be K, [a,b)={ceK:a<c<b} if a<bh and
[a,b) =[a,1) U[0,b)if b <a.Define T,: K- Kby T(x) =x +a. Ify —y' = ka,
then A=T:B so |N(n)|<|k| for all n. Similarly, if =k, then since
Yipyy = Xopspr = Xa— X5 and T[y,y)=[y+B,7'+p) we again have
[N 5 [kl

Now we assume that 8¢ Za and y — ' ¢ Zx and will prove that N(n) is un-
bounded. If either y —y’' — B¢ Z%x or y' —y — B¢ Z %, where Z® =Z — {0},
then we claim that we can apply the theorem, with (K, T) =(K, T,) and x, = 0,
to conclude that N(n) is unbounded for n > 0.

To this end, we will check each assumption of the theorem, Let m,, F, M, etc,
be as in the theorem, and for x € K, set h(x) = y ((x) — xz(x). We remark that in
this case, F = {y,y + B,7’,7’" + B} is the set of discontinuities of h, so F contains
at most four distinct points. First we verify Assumption 2: we suppose that
lim;¢" mg= m, and that &, £ + § are cluster points of {n,a}, and we must show
4 =0. Since lim; h((n; + n)o) = m(n) and & + na, & + 6 + no are cluster points
of {(n; + n)a} for neZ, it follows from our previous remark that h(¢ + na)
= h(¢ + 6 + no) whenever both & + na and £ + 6 + na are not in F. This implies
that h(x) = h(x + é) for x¢ F U(F + 6), and for our function h, this clearly
implies 6 = 0. For Assumption 1, if m; = lim;6"m,, then choose {k;} = Z so
that the sequence {k;x + n(m,)} decreases to 0. Since h(x) is right continuous and
F is finite, lim;¢*'m(n) = lim;h(n(m,) + no + na) = me(n) for neZ, so
mq € 0,(m,)~, proving minimality of (M,o). Assumption 3 is clear since F is
finite. For Assumption 4, choose z=y if y— y'—f¢Z%« and z = y' if
v -7 —B¢Z’a '
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The remaining case, when B,y —7'¢Za and y—y' — B, y' —y—feZ %,
requires a bit more work. Notice that assumptions 1-3 of Theorem 2.1 still hold.
We assume p’ — y — B = ka, k>0, the case k <0 being similar. We claim that
n Yy + B) = {my,my} where (**) m,(0) — my(0) = my(k) —my(k)=1 and
my(n) = my(n) for n # 0, k. This is because {m(n)| men~'(y + )} is one point
unless y + B+ neeF, i.e. unless n =0 or n =k, and for xe {y + B,y + B + ka},
we have h(x~)— h(x*) =1, where h(x~) = Im,, h(y), h(x*)=lim,, . h(y). Now
the proof proceeds as in the proof of Theorem 2.1. If N(n) is unbounded, there is
fe C(M) satisfying (*). By Assumption 3, K # U. It follows from (*) and (**) that
(f(aHlmz) = f(6" ' my)) — (f(my) — f(my)) = 2xf=o my(i) — my(i) = 2, so one of
n(m,) or n(c**im,) is in U. If n(m,)e U, then since {m(n)|men='(y + p)} is
one point for n <0, {n(m,) + noc|n <0} is in U. and since this set is dense, we
have the contradiction K = U. If n(¢**'m,)e U, then similarly K = U, so the
proof is completed.

Theorem 2.1 is related to the ergodic theorem in that if g is an ergodic in-
variant probability measure for a flow (K, T) and pu(4) = u(B), then the ergodic
theorem implies that for almost all x,€K we have lim,,, N(n)/n=0. One
might then ask whether the quantities

"?go(m Tixg) — u(A))

are bounded. A partial answer is given by the following theorem.

THEOREM 2.4. Let (K,T) be a minimal flow, and fix xoeK and A = K.
Define my(n) = x (T"x,), and let M denote the orbit closure of m, under the
shift 6. If (M, 0) is minimal, then

n

-1
L (tiT'x0) = 9)
is bounded for n>0 only if exp(2nid) is the eigenvalue of a continuous

eigenfunction of the flow (M,0).

Proor. If

n—1

T (tuT'x0) =)

is bounded for n > 0, then since (M, ) is minimal, we can apply Lemma 2.2 and
find a continuous function h: M — R with
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2a(T"x0) — 8 = h(e"* 'mg) — h(a"my)

for neZ. Thus exp(ri(h(c"*'my) — h(c"m,)) = exp(—2rid), and since
{o"my: neZ} is dense in M and h is continuous, it follows that exp(2nih(om))
=exp(— 2nid)exp(2nih(m)) for all me M. Thus H(m) = exp(— 2znih(m)) is a
continuous eigenfunction of (M, o) with eigenvalue exp(2zid).

ReMARK 2.5. The main result of [3] is a special case of Theorem 2.4 if we take
(K, T)=(K,T), xo =0, A= [0,f), with « irrational and f # 0. In this case it is
proved in [3] that X/ =g(x(T'xo) — B) is bounded if and only if exp(2ri ) is
an eigenvalue of M; that is, if and only if f e Za.

Section 3

In this section we study the particular flow (Y, ¥) defined in Section 1. Our goal
is to show that it is a POD flow.

DeriniTION 3.1, A flow (Y,P) is called proximal orbit dense, or a POD flow
if (Y,¥) is totally minimal and whenever x,yeY with x # y, then for some
n# 0, ¥y is proximal to x.

ReMARK. Recall that a minimal flow (Y, W) is totally minimal iff no factor of
(Y,¥) is a rotation on a finite (> 1) number of points.

DErINITION 3.2. Recalling the notation of Section 1, define 6: Y— X by
O(x)=xif xe X and 6(x) =¥~ (x) if x€ 4, and set t=p°0,s0 1: Y- K.

LemmMA 3.3. Let x,yeY with ©(x)— t(y)=koa, for k some nonnegative
integer. Then there is an integer m with k £ m < 2k and t(¥™y) = 1(x).

Proor. Notice that for any y € Y we have 1(¥2y) = ©(p) + A« where 1is 1 or 2.
The lemma easily follows.

ProrposITION 3.4. If x,yeY, x# y, and 1(x) — ©(y) = ka, for k some non-
negative integer, then for some n # 0, x is asymptotic to ¥"y.

Proor. Notice that by asymptotic, we mean positively or negatively asympto-
tic. By Lemma 3.3, we can find a nonnegative integer m with t1(¥™y) = 7(x). The
cases when x € {¥™*1y, ¥"y W™=y} can be handled directly, since points which
are equal are asymptotic. We therefore assume that x ¢ {¥™+1y, ¥™y, ¥"~1y}
and this along with 7(¥™y) = 1(x) implies that O or § is in the orbit of 7(x). By
carefully considering the possibilities, one sees that there is an integer j with
(P/*™y) = 1(¥/x) € {0, }. We consider only the case t(¥/x)=p, the other
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being similar. Then since Wix ¢ {\P/*+m+1y pi+my Wi+m-1y1" we must have
[Py Wix) equal to either {yo, 7o} or {¥yg,Jo}. Now J, is positively
asymptotic to ¥y, and negatively asymptotic to y,. This means that ¥ix is asym-
ptotic to two distinct points in the set {P/+m+1y Pi+m Witm=1,1 and the pro-

position follows.

Proposition 3.4 implies that points (x,y)eY x Y, satisfying x % y and
1(x) — ©(y)eZa, also satisfy the POD condition. We now turn to the other
points in Y x Y. We fix x;,y, €Y with 7(x,) — ©(y,) ¢ «Z.

LemMA 3.5. Let xeY, and for neZ* define c,(x) = X, { xx(¥*x). Then for
neZ* we have

cn(x) n

?O 0x(j) = x4(x) + A 2s(¥x).

i=

Proor. We first consider the case xeX. A straightforward induction shows
that for n > 1, 6°®x = W"x whenever ¥"x e X. This provides the key step in
the proof by induction that

cn(x)

xs(6’x) = X yxg(¥ix) for neZ*,
j=0 0

J

j=

Noticing that for x € X, 6x(j) = y5(c’x), we have proven the lemma if x € X.
Now if x ¢ X, then x € 4, and thus ¥~'x e X. In this case c,(¥~'x) = ¢,_;(x),
so applying the above result to ¥~ 1x we have

Cn—l(x) n
Y (0¥ 'x) = X xs(P'x) for n> 1.
i=0 ji=0

Since in this case 6(x) = (¥ ~1x), it follows that xz(¢’¥ ~1x) = 0x(}j), and further-
more x(¥~'x) = 1, so we have shown

cn—1(x) n—1

Y ox()=1+ xp(WPix) for all n>1,
=0

i=0 i
which proves the lemma in the case x € A, so the proof is completed.

LEMMA 3.6. The expression c,(x,)— c,(y,) is unbounded as a function of
neZ*,

PROOE. Suppose on the contrary that IZJ-";J xx(Px,) =y (P yl)[ <D for
neZ*, Then since ¥(B) = 4, and A = Y— X, we have
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n

; XA(TJX - XA(LPjy 1)

-1
A Xs(ll’jxl) - 1s(¥7yy)
= 1

J

J

) Xx(\ijO = Xx("llj,\’l)
i=1

=< D.

Now choose m > 1; then thereis some n > 1 with X, yx(¥/x,) = mand we set
2o x(¥y) =m',s0 [m — m'| < D. Now pick n’ so that X/, xx(¥/y,) = m.
Since whenever W/x ¢ X, then both W/*!x and W/ -!x are in X, we have

ln—n’

< 2D. Now taking x = x; in Lemma 3.5, we have

cnlxy) n

0x,(j) = A 0x,(j) = xa(x1) + T xa(Wixy),

Y j= i=0

Ms

it

i

and similarly

™Ms

07,00 = 1) + T 7a(¥y).

0 j=0

]

J

Thus
S 0x,() — 0y,(j) ) <2+
j=0

I 5 - ¥y

2 x(Wixy) — x(Py)| £2 +3D.

j=n+1

+4

Since m was arbitrary, this contradicts Corollary 2.3 (notice that 0x(j)
= Xro.p1(tx + na) if ©x + na ¢ {0, B}). Q.E.D.

Lemma 3.7. For any we K there exist x,,y, € 0(x,y,)~ with 1(x,) — ©(y)
= .

Proor. Notice that t(¥"x) = 1t(x) + ¢, (x)a for n =1, so o(¥"x;) — 1(¥"y,)
=1(x;) — (yy) + (c,(x1) — es(y))x. Since c,(x,) — ¢, (y;) is unbounded and
changes in increments of + 1, its range contains either Z*« or Z~«, both of
which are dense in K, proving the lemma.

ProposiTION 3.8. If 1(x,) — ©(y,) ¢ Z«, then for some n #0, ¥y, is proximal
to Xq.

Proor. By Lemma 3.7 we can find (x,, y,) € O(x, y,)~ with 7(x,) —1(y,) e Z*a.
Applying Proposition 3.4, we see that for some n # 0, x, is proximal to ‘P"y,.
This implies that x, is proximal to ¥"y,, and the proposition is proved.

Together, Propositions 3.4 and 3.8 imply that if x,y € Y with x # y, then for
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some n # 0, ¥"y is proximal to x. Furthermore, (Y, V) is totally minimal, since
it is weakly mixing and minimal {4,3.1], and thus we have shown that (Y,¥)
is POD.

Section 4

In the previous sections, we have shown the existence of a class of POD flows.
In this section, we turn to the general study of such flows. For this section (Y,'¥),
(X, ¢), etc. denote arbitrary minimal flows.

REMARKS.

1. We first note that in a POD flow (Y, V), if x € Yand P(x) is the set of points
proximal to x, the O(P(x)) =Y.

2. We will often use the following condition, which is easily seen to be equivalent
to POD: (Y,¥) is totally minimal and if (x,y)eYx Y with x #y, then
O(x,y)~ 2T, for some n # 0, where I, = {(x,¥"x): xe Y} is the graph of ¥".
The equivalence follows since x is proximal to ¢"y iff O(x, ¢"y)™ = {(z, z)[ zeY}.

3. A weaker condition than POD is: (Y,¥) is totally minimal and the only
minimal sets in Y x Y are the graphs I',, neZ. We do not know whether this
weaker condition implies that (Y, W) is prime.

DEeFINITION 4.1. A minimal flow (Y,¥) is prime if given any homomorphism
n: (Y,¥) = (X, ¢) onto a nontrivial flow (X, ¢), then = is an isomorphism.

Prime flows were first investigated in [5].
THEOREM 4.2. Let (Y,¥) be a POD flow. Then (Y,¥) is prime.

Proor. Let m be as in Definiiion 4.1 and for the purpose of contradiction,
assume 7 is not an isomorphism. Define R = {(x, y): n(x) = n(y)}. Then we can
pick (x,y) €R, x # y, and by Remark 2, R 2 T, for some n # 0. Then (x, ¥"x) e R
and since Y is minimal, this implies that (X, ¢) is a rotation on a finite number of
points. This contradicts the assumption that (Y,'¥) is totally minimal, and the
theorem is proven.

Recall that two minimal flows (Z, p), (Y,¥) are disjoint iff the product
(Z x Y, p x ¥) is minimal. If (Z, p) is a factor of (Y,¥) or, equivalently, (Y,'¥)
is ar extension of (Z, p), then cleatly (Z,p) and (Y,¥) are not disjoint.

THEOREM 4.3. Let (Y,'¥) be a POD flow. If (Z,p) is not an extension of
(Y,¥), then (Z, p) and (Y,'P) are disjoint.
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ProOOF. Let A be a minimal subset of Y x Z. We shall show that A=Y x Z.
Since (Z,p) is not an extension of (Y,¥), there exist x,yeY with x # y and
zeZ with (x,z), (y,z)eA. Then since (x,¥"x)ec@(x,y)~ for some n#0 by
Remark 2, we can find z' e Z with (x,z’), (¥"x,z")eA. Now for every meZ,
Y™ x id, is an isomorphism from (Y xZ, ¥ x p) onto itself. Since
¥* x id,(A) N A has been shown to be nonempty, and A is minimal, ¥" x id,(A)
= A. Finally, fix ze Z. Then for some x €Y, (x,z)eA. It follows that for every
integer j, (¥/"x,z) e A. Since (Y,¥) is totally minimal, @g.(x)~ =Y, and hence
Y x {z} < A. Since z is arbitrary, we have A =Y x Z, as desired.

COROLLARY 4.4. Let (Y,¥) be a POD flow, and (Z,p) a minimal flow. Then

1. (Y,P) and (Z, p) are disjoint iff (Y,¥) and (Z, p) have no common factors
except the trivial flow.

2. If (Z,p) is prime then either (Z,p) is isomorphic to (Y,¥) or they are
disjoint.

THEOREM 4.5. Let (Y,W) be POD. Then (1) (Y,¥) is coalescent and its
automorphism group is {¥": neZ}, (2) (Y,'¥) is regular, and (3) (Y,¥) has no
roots, i.e., if m#+1 then there does not exist a homomorphism ¢:Y—-Y
with ¢™ =Y.

ProOOF.

1) If 7:(Y,¥)—(Y,"¥) is an endomorphism, then R = {(x,n(x)): xe Y} is a
minimal subset of Y x Y, so R = {(x,¥"x): xe Y} for some n, and thus n(x)
= P"x for xeY.

2) This follows directly from the definition of POD and [1, Th. 3.5].

3) Suppose m# + 1, and ¢: Y - Y is a homomorphism with ¢™ = ¥. Then
¢ is an automorphism of (Y, ¥), so ¢ = " for some n. This means that ¥ = ™",
contradicting the assumption that (Y,¥) is totally minimal.

The flows defined in Sections 1-3 arose in trying to determine whether the
conjecture that two minimal abelian flows with no common factor except the
trivial flow are disjoint is true. If this conjecture is true, then Theorem 4.3 would
be true for any prime flow (Y, ¥). For suppose (Y, ¥) and (Z, o) are not disjoint.
This would mean that (Y, ¥) and (Z, ¢) have a common factor (W, p). Since W is
not a point, and (Y,¥) is prime, we must have that (W, p) ~ (Y, ¥), and thus
(Z, 0) is an extension of (Y, ¥).
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We finally will show that if (Y,¥) is a POD flow and p > 1, then (¥,¥) is
disjoint from (Y, ¥?).

DerINITION 4.6, If (W,d) is a flow and p a positive integer, we form (W,,0,)

as follows:
» ‘ ‘ {(w,i+1), i#p
O R (S R
(See Fig. 2)
S {w)
w
wx{i} Wx{2} Wx {p}

Fig. 2

It is clear that if (W, 6) is minimal, so is (W,,d,). Moreover, the minimal flow on p
points is a factor of (W,,6,) via the canonical map n,: W, —» W, n,(w,i) = w.

Lemma 4.7. Let (Y,¥) be a POD flow and p an integer with p > 1.

1) Any factor of (Y,,'¥,) is either a factor of the minimal flow on p points or
it admits the minimal flow on p points as a factor.

2) No nontrivial factor of (Y,,¥,) is totally minimal.

Proor. Statement 2 of the lemma clearly follows from Statement 1. We denote
by R, the relation corresponding to =,, i.e. R,= {{(x,0), (y,0)>: x, yeY,
1 £ i < p}. Then we must prove that if R is a closed, ¥ ,-invariant equivalence
relation on Y, then either R < R, or R 2 R,. We will assume R ¢ R, and will
show that R2 R,

Since R$ R,, we can find x,yeY and 1 <i<j<p with {(x,0),(»,/)) €R.
Since (Y,¥) is POD, we know that for some neZ, (x,¥"'x) e Op(x,y)” (if x =y,
take n = 0). Thus {(¥"x, 1), (¥"y,j)> = {(¥)"(x,), (¥)"(y,))> €R for meZ
implies that {(x,i), (¥"x,j)>eR. Now <(¥"x,j), (¥"x,2j—i (modp))>
= QPP (x, By, WO TP, j)) € R, where 1, =2n or 2n+1 depending on
whether 2j —i < p or 2j —i> p, respectively, so r, is defined by p(r; —2n)
<2j—i £ p (1 +r; —2n). By the transitivity of R, {(x,i),(¥" x, 2j— i(mod p)))
e R. Applying this procedure again, {(¥"'x,2j — i (mod p)), (¥ *x,3j —2i (mod
D)) € R, where r, is defined by p(r, — 3n) < 3j —2i £ p (1 + r, — 3n), and again
by the transitivity of R, we have {(x,i), (¥"x,3j — 2i (mod p))>eR. After k
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steps, we obtain {(x,i), (¥"x, j + k(j — i) (mod p))> € R, where p(r, — (k + Dn)
<j+k(j—1i) = p(l +r,—(k+ 1)n). Notice that r, # 0 for sufficiently large k.
Now choose k = pg — 1 where g is large enough so that r, # 0. For this choice of k,
j + k(j — i) = i(mod p), so we have shown that for some r # 0, {(x,i),(¥x,i))
eR. Now applying (W¥,)"" successively to {(x,i), (¥, i)> and using transitivity
of R, we obtain after j steps that {(x,i), (¥, i)> € R. Since (Y,¥") is minimal
(because (Y,¥) is POD), it follows that {(x, i), (z,i)> € R for all z € Y. By transi-
tivity of R, {(w, i), (z,i)) € R for all w,ze Y. Applying ¥, for p — 1 successive
times, we see that {(w, k), (z,k))eRfor 1 £k < p, w,ze Y, thus R2 R,. Q.E.D.

THEOREM 4.8. Let (Y,W) be a POD flow. Then (Y,¥) is disjoint from (Y, ¥?)
for any integer p > 1.

Proor. First we claim that (Y, W) is disjoint from (Y,,¥,). If not, then by
Theorem 4.3, (Y,¥) is a factor of (Y,,¥,), so by Lemma 4.6, (Y, V) is not totally
minimal, a contradiction.

Now let x,y,w,ze Y. Since (Y x Y,,¥ x ¥,) is minimal, for some net (k;),
Wrix » w and (‘I’p)""(y, 0)—(z,0). Thus eventually, k;=r;p and (¥,)" .0
=(¥"y,0)so ¥"y »z and ¥¥" — w. We have shown that Oy, (x, ) is dense
in Y x Y, so (¥,¥) is disjoint from (Y, ¥?).

One might wonder just how prevalent POD flows are, within the class of weak
mixing minimal flows. If (X, ¢) is the discrete horocycle flow, then (X, ¢) is
isomorphic to (X, ¢?), so by Theorem 4.8, (X, ¢) is not a POD flow.
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